Chapter 3 Exponential and Logarithmic Functions

The HM mathSpace® CD-ROM and Eduspace® for this text contain step-by-step solutions
to all odd-numbered exercises. They also provide Tutorial Exercises for additional help,

d J Exercises

VOCABULARY CHECK: Fillin the blanks.
. Polynomials and rational functions are examples of functions.
. Bxponential and Jogarithmic functions are examples of nonalgebraic functions, also called functions.

function, and the base e

. The exponential function given by f{x) = ¢ is called the
is called the base.

. To find the amount A in an accouni after ¢ years with principal P and an annual interest rate 7 compounded
n times per year, you can use the formula
5. To find the amount A in an account after 1 years with principal P and an annual interest rate r compounded
continuously, you can use the formula

PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com.

in Exercises 1-6, evaluate the function at the indicated £% In Exercises 11-16, use a graphing utility to construct 3
value of x. Round your result to three decimal places. table of values for the function. Then sketch the graph of

. the function.
Function Vulue

L fl) =34 =56
. fl =23

) =5

Fe) =G

. g(x) = 5000(2¥)

. Flx) = 20001.2)1%

in Exercises 7-10, match the exponential function with its
graph. [The graphs are labeled (a}, (b}, {c}, and (d).]

(b} ¥
. 6

a2 Scabo o
EREA T, B e

7. flx) =2
9. flx)=2"~

8 fix)=27+1
10, fx) = 272

1L #60 = (&
13. f(x) =6+
15 fx) = 277!

12, fx =)
14. flx) = 6
16. f(x) =453+ 3

In Exercises 17-22, use the graph of f to describe the 2
transformation that yields the graph of g. r
17. f(x) =3~ g{x) =3+

18. flx)=4% glx)=4+1

19, 7@ = <2 gl =5 -2

20, f(x) = 107, glx) = 107++?

21 f6) = () et =B

22, flx) =037 glx) = ~03"+3

In Exercises 23-26, use a graphing utility to graph the
exponential function. :

23, y =27
25, y=3"2+1

24, y = 3~Ml
26, y = #H -2

In Exercises 27-32, evaluate the function at the indicated
value of x. Round your result to three decimal places.

Function
27. hix) =™
28. Flx) =&
29, flx) = 2e™>
30. f(x) = 152
31. f{x) = 5000et%
32, Flx} = 230e80%

Value
3
X =4
x=132
x =10
x =240
=6
x =20
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o “vercises 33-38, use a graphing utility to construct a 62. Trust Fund A deposit of $5000 is made in a trust fund
step solutions; e of values for the function. Then skatch the graph of that pays 7.5% interest, compounded continuously. It is

itionat help. specified that the balance will be given to the college from

which the donor graduated after the money has earned

(x) = e* \ 34, fl)=e™ interest for 50 years, How much will the college receive?
p — x+ —_ —0.5x

(x) = e 36. flx) = 2e 63. Inflation If the annual rate of inflation averages 4% over
() =2e"77 +4 38. fla)=2+e" the next 10 years, the approximate costs C of goods or

services during any year in that decade will be modeled by
xercises 39-44, use a graphing utility to graph the C(7) = P(1.04)", where ¢ is the time in years and P is the
exponential function. present cost. The price of an oil change for your car is

presently $23.95. Estimate the price 10 years from now.

= 1.087% 40. y = 1.08% o
(t) g 42, 5() = 3e-0 64. Demand The demand equation for a product is given by
=14+ e~ . a2 . _ _ 4
(=1t+e 44, hix) = . 5000(1 - B_D_m)

ce.com. .
Exercise 45-52, use the One-to-One Property to solve the where p is the price and x is the number of units.

ition for x.

(a) Use a graphing utility to graph the demand function for

r to construct K1 = 97 46, 23 =16 x> 0and p > 0.

ch the graph

1 18 (l)x“ - 125 (b) Find the price p for a demand of x = 500 units.
1y 32 "5 (c) Use the graph in part (a) to approximate the greatest
(5) W2 = gf 50, g% = ot price that will still vield a demand of at least 600 units.
6 = g 52, o6 = oS 65. Computer Virus 'The number V of computers infected by
470 43 a computer virus increases according to the model

wund Interest In Exercises 53-56, complete the V(z = 100¢**%, where t is the time in hours. Find (2) V(1),

o determine the balance A for P dollars invested at =) V(LS), and (o) V(2).

or t years and compounded n times per year. ,/ 66./ opulation The population P (in millions) of Russia
¢ from 1996 to 2004 can be approximated by the model
112141 12! 365 | Continuous P = 152.26¢0%3% where t represents the year, with t = 6
corresponding  to 1996, (Source: Census Bureau,
International Daia Base}

to describe the

(a) According to the model, is the population of Russia

: $2500, 7 = 2.5%, t = 10 years increasing or decreasing? Explain. :

31000, r = 4%, t = 10 years (b) Find the population of Russia in 1998 and 2000.
$2500, r = 3%, r = 20 years {c) Use the model to predict the population of Russia in

$10[}D, ¥ = 6%, f =40 years . 2010.

7. Radioactive Decay Let  represent a mass of radioactive
el pound Interest In Exercises 57-60, complete the /(7 / radivm (*°Ra) (in grams), whose half-life is 1599 years.
[y o determine the balance A for $12,000 invested at - The quantity of radium present after ¢ years is

Or ¢ years, compounded continuously. 0= 25(%)'/1599.

(a) Determine the initial quantity (when ¢ = 0).

 at the indicate!
imal places.

(b} Determine the guantity present after 1000 years.

(¢c) Use a graphing utility to graph the function over the
' interval ¢ = O to t = 5000.
538, r = 6% 68. Radivactive Decay Tet @ represent a mass of carbon
Gy (o Pl i
6.5% 60. 7 = 3.50% 1.4 (**C} {in grams), whose half-life is 57’15 years. 1’1‘1}27(}15.1%
tity of carbon 14 present after ¢ years is Q0 = 10(5) .
ist Fund On the day of a child’s birth, a deposit of {a) Determine the initial quantity (when ¢ = ().

$25,000 is made in a trust fund that pays 8.75% interest,
mpounded continuously. Determine the balance in this
count on the child’s 25th birthday.

{b) Determine the quantity present after 2000 ycars.-

{¢) Sketch the graph of this function over the interval ¢ = 0
to r = 10,000.
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69. Data Analysis: Biology To estimate the amount of
defoliation caused by the gypsy moth during a given
vear, a forester counts the number x of egg masses on
% of an acre (circle of radius 18.6 feet) in the fall. The
percent of defoliation y the next spring is shown in the
table. {(Source: USDA, FPorest Service)

A model for the data is given by

100

Y= 1+ 7e—ﬂ<069x )

(a) Use a graphing utility to create a scatter plot of the
data and graph the model in the same viewing
window.

(b) Create a table that compares the model with the
sample data.

{(c) Estimate the percent of defoliation if 36 egg masses
are counted on % acre.

{(dy You observe that % of a forest is defoliated the
following spring. Use the graph in part (a) to
estimate the nurnber of egg masses per 35 acre.

10. Data Analysis: Meteorology A meteorologist meastres
the atmospheric pressure P (in pascais) at altitude A (in
kilometers). The data are shown in the table.

101,293
54,735
23,204
12,157
5,069

A model for the data is given by P = 107,428¢ ~0-15%,

(a) Sketch a scatier plot of the data and graph the model on
the same set of axes.

(b) Estimate the atmospheric pressure at a height of
8 kilometers.

Exponential and Logarithmic Functions

Synthesis

True or False?  In Exercises 71 and 72, determine whethg,
the statement is true or false. Justify your answer.

71. The line y = —2 is an asymptote for the graph o

flx) =10% — 2.
271,801
99,990

Think About It In Exercises 73-76, use properties of expg.
nents to determine which functions (if any) are the same,

73. f( ) =32 74 flx) =47+ 12
glx) = 220+6
(3 ) hlx} = 64(4)
16( ) 76, fix) =+ 3
( ) gle) = 27
hix) = 16(2_2*} hix) = —ex 3

77. Graph the functions given by y = 3* and v = 4% and use the
graphs to solve each inequality.

(a) 4 < 3% (b} 4* > 3

+ 78, Use a graphing utility to graph each function. Use the

‘graph to find where the function is increasing and
decreasing, and approximate any relative maximuom or
mininum values.

(a) flx) = x%™ (b) gle) = x23~

£ 79 Graphical Analysis  Use a graphing utility to graph

) = 0%

) = (1 + %) and

in the same viewing window. What is the relationship
between f and g as x increases and decreases without
bound?

80. Think About It Which functions are exponential?
(@ 3x M3x* ©F @2~

Skills Review

In Exercises 81 and 82, solve for y.

81. x2 + 32 =25 82 x|y =2

In Exercises 83 and 84, sketch the graph of the function.

2

9ty 84. flx)=7—x

83. flx) =

—

85. Muke a Decision To work an extended application
analyzing the population per square mile of the United
States, visit this text’s website at college.himco.com. {Daid
Sowrce: U8 Census Bureou)

i
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Exponential and Logarithmic Functions

| 3:2 | Erercises

YOCABULARY CHECK: Fill in the blanks.

1. The inverse function of the exponential function given by Flxy = o is called the

. The commen logarithmic function has base

. The logarithmic function given by £(x) = Inx is called the

function with base a.

logarithmic function and has base

. The Inverse Property of logarithms and exponentials states that log, & = x and

. The One-to-One Property of natural logarithms states that if Inx = Iny, then .
PREREQUISITE SKILLS REVIEW: Practice and review algebra skills neaded for this section at www.Eduspace.com.

In Exercises 1-8, write the logarithmic equation in
exponential form. For example, the exponential form of
log, 25 = 2is 5% = 25.

2. log; 81 =4

4. log 7a = —3

1. log, 64 =3
3. log7ﬁ =-2
6. log 8 =

2
5. logg, 4 =5
3 8. loggd =3

7. logss 6 =

In Exercises 9-16, write the exponential equation in
logarithmic form. For example, the logarithmic form of
2* = 8islog, 8 = 3.

9, 5% =125 10. 82 =64
11. 814 =3 12. 932 =27
13. 672 =5 14, 473 = ¢

15. 7°=1 16. 1073 = 0.001

In Exercises 17-22, evaluate the function at the indicated
value of x without using a calculator,
Function Value
17. flx) = log, x x=16
18. f{x) = log,sx x=4
19. F(x) = log, x x=1
20. f(x} =logx x=10
21. g(x) =log, x x=a

x=53

22, g(x) = log,x

In Exercises 23-26, use a calculator to evaluate f(x) =logx
at the indicated value of x. Round your result to three
decimal places.

24, x = g“l]a
26. x = 75.25

In Exercises 27-30, use the properties of logarithms ¢
simplify the expression.

27, log, 3
29. log,. w

28. log, 5 1
3. 910;_;,915

In Exercises 31-38, find the domain, x-intercept, an
vertical asymptote of the logarithmic function and sketd
its graph.

31, Flx) =log,x

33 y=-log,x+2
35. f() = —logglx +2)

37 oy = log(;—c)

32, glx) = logg x
34, hix) = log,fx — 3)
36. y =logslx — 1) +4

38. y = log(—x}

In Exercises 39-44, use the graph of g(x) = log,x
match the given function with its graph. Then describe th
relationship between the graphs of f and g. [The grap
are labeled (a), (b), (), (d), (e}, and {f}.]

(a) (o)

(c)




1ce.com.

f logarithms:

x-intercept, a
ction and ske

0g, X
og,(x — 3)
fx—1)+4 .
(—x)

glx} = log;x.

'hen describe:

£6) = Infx — 1)

B SR P
R e AP

4. fx) = —log, x
42. flx) = logylx — I)
4. f(x) = —logy(—x)

x) = —log,(x + 2)
x) = logy(1 — x)

—-0.693 . .. 46. InZ = -0916. ..
= 1.386 ... 48. In 10 =2302. ..
250 =5.521 ... 50. In679 = 6.520.. ..
m1=0 52. Ine=1

= 20.0855 . .. 54. ¢ = 7.3890 . ..
V2= 16487 ... 56. ¢!/2 = 1.3956 . ..
05 = (L6065 . . . 58. ¢4 = 0.0165...
¥ = 60. > =3

Value
x = 1842
x =032
2Inx x =075
=—Inx :%

e 66, x=¢ 2

¥=g 23 68. x = ¢72

ercises 69-72, find the domain, x-intercept, and vertical
ptote of the logarithmic function and sketch its graph.
70, Alx) = In(x + 1)

x) = Inf{-x) 72, f(x) = In(3 — x)

Section 3.2

Logarithmic Functions and Their Graphs 237

In Exercises 73-78, use a graphing utility to graph the

function. Be sure to use an appropriate viewing window:.

73. flx) = log(x + 1)
75. flx) = in(x — 1)
77. flr) = Inx+2

74. flx) = loglx — 1)
76. f(x) = In(x + 2)
78 fx)=3Inx—1

In Exercises 79-86, use the One-to-One Property to solve
the equation for x.

79, log,(x + 1) = log, 4
81. log(Zx + 1) = log 15
83 Inlx +2)=lné6

85, In(x* — 2) =1n 23

80. log,(x — 3) = log, 9
82. log(5x + 3) ='log 12
84. In(x — 4) = In2

86. In(x> —x) =1n6

& Model It

87. Monthly Payment The model

t = 12542 ln( x > 1000

o)
x ~ 1000,/
approximates the length of a home mortgage of
$150,000 at 8% in terms of the monthly payment. In the
model, £ is the length of the mortgage in years and x is
the monthly payment in dollars (see figure).

t

Length of mortgage
(in years)

2,000 4,000 6,000 000 10,000
Monthly payment {in doltars)

(a) Use the model to approximate the lengths of a
$150,000 mortgage at §% when the monthly pay-
ment is $1100.65 and when the monthly payment is
$1254.68.

(b) Approximate the total amounts paid over the term
of the mortgage with a monthly payment of
$1100.65 and with a monthly payment of $1254.68.

(c) Approximate the total interest charges for a
monthly payment of $1100.65 and for a monthly
payment of $1254.68.

(d) What is the vertical asymptote for the model?

Interpret its meaning in the context of the problem.

)
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88. Compound Interest A principal P, invested at 93% and ;

compounde< continuously, increases to an amount K times
the originat principal after ¢ years, where ¢ is given by
r = {In K)/0.095.

(a) Complete the table and interpret your results,

12|

1|24 ]6|8]10

(‘_E)) Sketch a graph of the function.

. Human Memory Model Students in a mathematics class
were given an exam and then retested monthly with an
equivalent exan1. The average scores for the class are given
by the human memory model f{z) = 80 — 17 log(r + 1),
0 < ¢ < 12 where ¢ is the time in months.
¢a) Use a graphing utility to graph the model over the

specified domain.

(b) What )was the average score on the original exam
(r=10)7

(¢) What was the average score after 4 months?
{d) What was the average score after 10 months?

. Sound Intensity The relationship between the number of
decibels B and the intensity of a sound I in watts per square
meter 1s ’

i
B= 101()g(ﬁ).

(a) Determine the number of decibels of a sound with an
intensity of 1 watt per square meter.

{b) Determine the number of decibels of a sound with an
intensity of 1072 watt per square meter.

{c) The intensity of the sound in part (a) is 100 times as

great as that in part (b). Is the number of decibels 100

times as great? Explain,
Synthesis

True or False? In Exercises 91 and 92, determine whether
the statement is true or false. Justify your answer.

9], You can determine the graph of f(x) = log, x by graphing
g(x) = 6% and reflecting it about the x-axis.
92. The graph of f{x} = log; x contains the point (27, 3).

In Exercises 93-96, sketch the graph of f and g and describe
the relationship between the graphs of f and g. What is the
relationship between the functions f and g7

.‘;‘93_.. Flx) = 3%, glx) = logy x

o, f(x) =5, glx} = log.x

95, fix) =e*, glx)=Inx

96. f(x) = 107, glx) = logx

Expenential and Logarithmic Functions

97, Graphical Analysis Use u graphing utility to graph ..
and g in the same viewing window and determine whicy -
is increasing at the greater rate as x approaches +og
What can you conclude about the rate of growth of Ehe.'
natural logarithmic function?

@ f) =Inx, gl = Vx
() flx) =Inx, glx)=Ix
. (a) Complete the table for the function given by

_Inx

fa) =~

X

XL

e

{b) Use the table in part {a) to determine what value f(y)
approaches as x increases without bound.
(¢} Use a graphing utility to confirm the result of part (b).'-'
. Think About It The table of values was obtained by .

evaluating a function. Determine which of the statementy’
may be true and which must be false.

x 1] 2 8.

Cylo] 13

{(a) yis an exponential function of x.
(b} v is a logarithmic function of x.
(c} xis an exponential function of y.

(d) yis alinear function of x.

109. Writing FExplain why log,x is defined only for:
O<a<landa> 1

* In Exercises 101 and 102, (a) use a graphing utility to graph

the function, (b} use the graph to determine the intervalsin
which the function is increasing and decreasing, and
(¢) approximate any relative maximum or minimum values
of the function.

161, 7{&x) = |Inx] 102. A(x) = In(x? + 1)

Skills Review

In Exercises 103-108, evaluate the function for
f(x) = 3x + 2 and g{x) = x* — 1.

103, (f+ gi2) 104. {f - g)(~1}
105. (f2)(6) 106. (g)(o)
107. (7-2)(7) 108. (g °f}—3)
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Exercises

onlinear datg

1es. If the poing

and v-values
s CABULARY CHECK:

arcises 1 and 2, fill in the blanks.

To'evaluate a logarithm to any base, yon can use the
The change-of-base formula for base ¢ is given by log, x =

arcises 3—5, match the property of logarithms with its name.

(uv) = log, u + log_v (a) Power Property

nr®=nlnu

u
tay log,~ = log,u — log, v
-re Barth’s 1

“an equation

formula.

(b) Quotient Property
(c¢) Product Property

'y
EREGUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com.

« logg x

10. log, 4
Ay
g]j?')‘ log, 3
14. log,, 0.125

/’-:;'\.
:@10&1 Sx

ercises 1-8, rewrite the logarithm as a ratio of (a) com- 3. 3net
logarithms and {b) natural logarithms. o 1

: { \33,) In—=

2, log;x ""' Ve

M, Y3

35. Ine* + Iné°
3:6/2 Ine® — Ine’
37. log; 75 — log 3
38. log, 2 + log, 32

In Exercises 39-60, use the properties of logarithms to
expand the expression as a sum, difference, and/or constant
multiple of logarithms. (Assume all variables are positive))

40. log, 10z

his figure it i8
problem, takt_:-_ og,s 1250 16. log, 0.015 41. Tog, x* 42\) log,q ¥y
his produces : - 2
' Exercises 17-22, use the properties of logarithms to 5 o1
and simplify the logarithmic expression. fB logs o 4. logg Z
— o N -
r | Satumn 8 '\‘.flﬁ/'llogz(ﬁl-z - 34 | 45>]n V7 46. ln¥t
—i N R g .
2255 20. log 55 47. Inxyz* (@logtixzy
3183 22, In— 49, Inziz — 1%, z > 1
€

that all SIX, cises 23-38, find the exact value of the logarithmic f

ny two poil ssion without using a calculator. (If this is not possi-
0.632) and ( tate the reason.)
' %\1 L
.‘-;\24'/_,9%5 123
26. log, 36

28, log, 8177
; 30, Iog,(— 16)
=

here ¥ = Iny

\"\_/
X
53, In \*ﬁ
¥

: - "57,.3 log,

N
,.51:'*-1,og2aT, a1

x2
y2z3 P r

Y60 nx2x + 2)

59. In Y02 + 3)
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In Exercises 61-78, condense the éxpression to the
logarithm of a single quantity.
61. Inx +In3
62_. Iny +1In¢
ﬁ-fﬁ'iﬁogﬂ — log,y
“6d. fogs 8 — log, ¢
65. 2log,(x +4)
66. 3 log;{z — 2)
67. Llog, 5x
68. —4log, 2x
6!5\‘ Inx—3In{x+ 1)
70. 2In8 + Sln(z — 4)
71. logx — 2logy + 3log 2
722 3 logsx +4logyy —4logyz
73. Inx — 4ln{x + 2} + In(x — 2)]
74. 4llnz + Iz + 5)] — 2 In(z — 5)
75 421n6x + 3) + Inx — In(2 — 1)]
76. 23 1nx — In{x + 1) — In(x — 1)]
slloggy + 2logg(y + 4)] — logg(y — 1)

76.
77.
log,(x + 1) + 2log,(x — 1)] + 6 log, x

78.

in Exercises 79 and 80, compare the logarithmic quantities.
if two are equal, explain why.

9, log, 32

7

32
log, i log, 32 — log, 4

log, 4
80. log,/70, log,35, %+ log, /10

Sound Intensity In Exercises 81-83, use the following
information. The relationship between the numbetr of deci-
bels 8 and the intensity of a sound ! in watts per square
meter is given by

i
B =10 !og(ﬁ).

81. Use the properties of logarithms to write the formula in
simpler form, and determine the number of decibels of a
sound with an intensity of 107 watt per square meter.

. Find the difference in loundness between an average office
with an intensity of 1.26 x 1077 watt per square meter and
a broadcast studio with an intensity of 3.16 x 107> watt

‘per square meter.

You and your roommate are playing your stereos at the
same time and at the same intensity. How much louder is
the music when both stereos are playing compared with
just one stereo playing?

. Human Memory Model Stdents participating ir, ,
psychology experiment attended several lectures ang
were given an exam. Every month for a year after the
exam, the students were retested to see how much of
the material they remembered. The average scores for
the group can be modeled by the human memeory mode]

Ffl6) =90 — 15]og(t + 1), 012
where ¢ is the time in months,

{a) Use the properties of logarithms to write the func
tion in another form.

{b) What was the average score on the original exam
{r=0)7

{c) What was the average score after 4 months?

(d) What was the average score after 12 months?

(&) Use a graphing utility to graph the fonction over the
specified domain.

(fy Use the graph in part (e) to determine when the
average score will decrease to 75.

(2) Verify your answer to part (f) numerically.

85. Galloping Speeds of Animals Four-legged animals mn
with two different types of motion: trotting and galloping.
An animal that is trotting has at least one foot om the
ground at all times, whereas an animal that is galloping hay
all four feet off the ground at sorme point in its stride. The
number of strides per minute at which an animal breaks
from a trot to a gallop depends on the weight of the animal,
Use the table to find a logarithmic equation that relates an
animal’s weight x (in pounds) and its Towest galloping
speed y (in strides per minute). _




titre of 78° C is placed in a room at a constant temperature
£21° C. The temperature of the water is measured every 5
ates during a half-hour period. The results are record-
d as ordered pairs of the form (¢, T), where ¢ is the time (in
inutes) and T is the temperature (in degrees Celsius).

0, 78.0°%, (5, 66.0°), (10, 57.5%), (15, 51.2°), (20, 46.3°),
5, 42.4°), (30, 39.6°)

rticipating

‘(a) The graph of the model for the data should be
asymptotic with the graph of the temperature of the
room. Subtract the room temperature from each of the
temperatures in the ordered pairs. Use a graphing
utility to plot the data points (7, T) and (r, T — 21).

1} An exponential model for the data (r, T — 21) is given
by

T — 21 = 54.4(0.964"

> original exdm

months?
2 months?

. Solve for T and graph the model. Compare the resuft
unction over th

with the plot of the original data.

) Take the natural logarithms of the revised temperatures.
= Use a graphing utility to plot the points {7, In(T — 21))
and observe that the points appear to be linear. Use the

mine when thi

erically. regression feature of the graphing utility to fit a line to
these data. This resulting line has the form

ssed niml (T — 21) = ar + b,

ing and gallopi Use the properties of the logarithms to solve for 7
one foot on: . Verity that the result is equivalent to the model in

at is galloping part (b)

tin its stride. Tl Fit a rational model to the data. Take the reciprocals of
an amimai b ~ithe y-coordinates of the revised data points to generate

ight of the an the points

Use a graphing utility to graph these points and observe
that they appear to be linear. Use the regression feature
of a graphing utility to fit a line to these data. The

Solve tor T, and use a graphing utility to graph the
tatienal function and the original data points, )

[ R R s I S

Write a short paragraph explaining why the transforma-
10ns of the data were necessary to obtain each model.
Why did taking the logarithms of the temperatures lead
0’ a linear scatter plot? Why did taking the reciprocals
the temperature lead to a linear scatter plot?

Comparing Models A cup of water at an initial tempera-
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Synthesis

True or False? In Exercises 87-92, determine whether the i
statement is true or false given that f(x) = In x. Justify your

answer,
§7. 7(0) =0
88. flax) = fla) +f(x), a>0,x>0

89. f(x —2) = f(x) — f(2), x>2
90. /Fx) = 3f(x)

1. TF () = 2f(), then v = 12,
92. If f(x) < 0, then 0 < x < 1.

93. Proaf Prove that long = log, u — log, v.
v

94. Proof Prove that log, u" = nlog, u.

n Exercises 95-100, use the change-of-base formula to
rewrite the logarithm as a ratio of logarithms. Then use a
graphing utility to graph both functions in the same
viewing window to verify that the functions are equivalent.

95. flx) = log, x 96. fix) =log, x

97. fl) = log,,, x 98. flx} =log, 4%
99. fix} = log,, gx 00, fx) = log,, 4x
101. Think About Ir Consider the functions below.
In
flx) =1n %, glx) = In; hx)=Inx—1In2

‘Which two functions should have identical graphs? Verify
your answer by sketching the graphs of all three functions
on the same set of coordinate axes.

102. Exploration For how many integers between 1 and 20
can the natural logarithms be approximated given that
In2~06931,1n3 =~ 1.0986, and 1n5 = 1.6094?
Approximate these logarithms (do not use a calculator).

Skills Review

in Exercises 103-106, simplify the expression.
2)52 -3
3y )
106. xy(x™ + vy

2y 2
1603y
105. (18x%y9)73(18x2y%)?

103. 104. (

In Exercises 107-110, solve the equation.

107. 32 +2x -~ 1 =0 108, 4> —5x+ 1 =0
2

x 5
109'3x+1—z “x—-1 3
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=

Exercises

os from 199¢

see Figure 3.2
cies reach 357

log, * =

log, @ =

pgCABULARY CHECK: Fill in the blanks.

an equation in x means to find all values of x for which the equation is true.

4) o = o if and only if
og, ¥ = log,y if and only if

An solution does not satisfy the original equation.
:REQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com.

5 solve exponential and logarithmic equations, you can use the following One-to-One and Inverse Properties.

follows tha = =2 + &

—2+1n6)
) 5ln2
ear model for x = —0.0416
 plot. Accord =
21.333
=—4
 x and 1n y and &1
4 data. Use the o3
>N 3.3 to find a (x+3) =10
| its graph to x = 1021
|, when will th x¥=17
> reach $19.0 : =102 -3
1 its graph to _ t+ 3} =58
| better fits the = %(73 + In 5.8)
redict futuré — %(_3 e

= 163.650

ercises 1-8, determine whether each x-value is a
ion {or an approximate solution) of the equation.

2. 2 =32

In Exercises 9-20, solve for x.

9. 4 =16

1. (Y =32

13. Inx —In2=0
15, ex =12

17. nx = —1

19. log,x =3

10.
12,
14.
16.
18.
20.

3 =243

(i) =64
Inx—In5=0
e =4
Inx=—7

log,x = —3

In Exercises 21-24, approximate the point of intersection
of the graphs of f and g. Then solve the equation
fix} = g(x} algebraically to verify your approximation.

21 fix) =2
g =38

Sg g .
LA

23. f{x) = log,x

glx) =2
y

22,

flx) =27
glx) =9

24, f(x) =Inx — 4)
glx) =0

¥
A2
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In Exercises 25-66, solve the exponential equation
algebraically. Approximate the result to three decimal

places,

25, ¢* = X2
27, ¢ = g2
29, 4(3% =20
31. 22 =10
33. -0 =19
35, 3% =80

37. 5772 =020
39. 31 =27
41. 237+ = 565

43. 8(10™) = 12
45. 3(5s:-1) =21

47. & =12
49. 500e™* = 300
51. 7—2e" =35

53. 6% 1) -7 =9
55. X —der — 5 =0
57, e =3 —4 =0

500

59, —— =120

100 — ¢x2

3000
61. — =2
2+ e

6

W

3e5

0.1 12¢
65. (] Jr-“g) =2

12

0.0651365
1+5)

Exponential and Logarithmic Functions

26, ¢ = 78

28, o F =l

30. 2(59) = 32
32, der = 91

34. 6"+ 10 = 47
36. 655 = 3000
38, 4% =0.10
40, 252 = 32
42. 8727x = 431

44. 5(10%%) = 7

46. 8(36-%) = 40

48. & =50

50. 1000e~* =75

52, =14 + 3ex =11
54, 84572 + 13 =41
56, & — 55+ 6=0
58, ¢+ 0% +36=10

60. 1021 =350

62. —e—éx—l% =7

64. (4 - %i)gt =21
66. (16 - 9%)3{ =30

- In Exercises 67-74, use a graphing utility to graph and

solve the equation. Approximate the result to three
decimal places. Verify your result algebraically.

67. 6e' -7 =125
69. 3e%/? = 962
71, 0% =3

73, 0125 — 8 =0

68. —de-1l+15=0
70, e =3 = |1

T2 ="+ 7 =90

74, 27 = 29

In Exercises 75-102, solve the logarithmic equation alge-
braically. Approximate the result to three decimal places.

75. Inx = -3
77 In2x =24
79. logx =6

81. 3In5x = 10
83. mx+2=1
85. 7+ 3Inx=35

76. lnx =2

78. Indx=1
80. log3z =2

82. 2lnx =7

84. Invx —8 =5
86. 2 —6lnx =10

87. 61log,(0.5x) = 11
8. nx —lnx+1)=2
N lnx+nkx—-2)=1
92. nx+Infx +3)=1
93, In(x +5) =I(x — 1) —In(x + 1)
94. n(x+ 1) —In{x —2) =Inx
95, logy(2x — 3) = log,(x + 4)
96. log{x — 6) =log(2x + )
97. log(x + 4) — logx = log(x + 2)
98, log, x + Jog,(x + 2) = log,(x + 6)
99, log, x — log,{x — 1) =1

100. logy x + logs{x — 8} =2

101. log 8x — log(l + V/)_n) =2

102. log4x — log(12 + /5] = 2

88. 5log,glx — 2) =)
90. Inx + In(x + 1) =1

In Exercises 103-106, use a graphing utility to graph an
solve the equation. Approximate the result to thre
decimal places. Verify your result algebraically.

103. 7 =2~
105. 3 —Inx =10

104. 500 = 15002
106. 10 — 4 In{x ~ 2)

Compound Interest In Exercises 107 and 108, 32500
invested in an account at interest rate r, compounde
continuously. Find the time required for the amount t
{(a} double and (b} triple.

107, r = 0.085

108. » = 0.12

109. Demand The demand equation for a microwave oven
given by

p = 500 — 0.5(e2004),

Find the demand x for a price of (a) p = $350 an
by p = $300. .

110. Demand The demand equation for a hand-held elec
tronic organizer is

‘ 4
p= 5000(1 S 370-0°2x>'

Find the demand x for a price of (a) p = $600 an
(b) p = $400.

111. Forest Yield The yield V (in millions of cubic feet pe
acre) for a forest at age ¢ years is given by

V= 6.71‘2—48’1/’.

{(a) Use a graphing utility to graph the function.

(b} Determine the horizontal asymptote of the function
Interpret its meaning in the context of the problem.-

{c} Find the time necessary to obtain a yield of 1.3 miHlio
cubic feet.

m




oy —2) = 11
In(x + 1) =

(2., Trees per Acre The number N of trees of a given

N = 68(1070) 5 < 3 < 40 where x is the average
. diameter of the trees (in inches) 3 feet above the ground.
Use the model to approximate the average diameter of the
“frees in a test plot when ¥V = 21.

3. Medicine The number v of hospitals in the Untted
States from 1995 to 2002 can be modeled by

vy = 7312 —63001ny, 5<tx12

where ¢ represents the year, with £ = 5 corresponding to
1995. During which year did the number of hospitals
reach 58007  (Source: Health Forum)

; Sports The number y of daily fee golf facilities in the
United States from 1995 to 2003 can be modeled by
= 438] + 1883.6Inz, 5 < ¢ £ 13 where  represents
the year, with ¢ = 5 corresponding to 1995, During which
ar did the number of daily fee golf facilities reach
0007  (Source: Malional Golf Foundation)

Average Heighfs The percent m of American males

ally. between the ages of 18 and 24 who are no more than
150072 - xinches tall is modeled by
41n{x — 2) =9 : 100

mi(x) = 1 + o~ 06La0—671)

and the percent f of American females between the ages of
18 and 24 who are no more than x inches tall is modeled

100
12 . - Sl = | + o 06A607(x— 6451

._S()Ui'i‘ti LLE. National Center for Health Statistics)
a) Use the graph to determine any horizontal asymptotes

.. of the graphs of the functions. Interpret the meaning
in the context of the problem.

! populétjon :

60 65 075
Height {in inches)

Section 3.4

gpecies per acre is approximated by the model
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{a) Use a graphing utility to graph the function.

5 (b} Use the graph to determine any horizontal asymptotes
of the graph of the function. Interpret the meaning of
the upper asymptote in the context of this problem.

(c) After how many trials will 60% of the responses be
correct?

117. Automobiles Automobiles are designed with crum-
ple zomes that help protect their occupants in crashes.
The crumple zones allow the occupants to move short
distances when the automobiles come to abrupt stops.
The greater the distance maved, the fewer g’s the crash
victims experience. (One g is equal to the acceleration
due to gravity, For very short periods of time, humans
have withstood as much as 40 g’s.) In crash tests with
vehicles moving at 90 kilometers per hour, analysts
measured the numbers of g's experienced during
deceleration by crash dummies that were permitted to
move x meters during impact. The data are shown in
the table.

A model for the data is given by

36.94
y=—300+11.88Inx + —

where y is the number of g’s.

(a) Complete the table using the model.

x| 02 |04 |06 |08 |10

(b) Use a graphing utility to graph the data points and
the model in the same viewing window. How do
they compare?

(c) Use the model to estimate the distance traveled
during impact if the passenger deceleration must
not exceed 30 g’s. .

(d) Do you think it is practical to lower the number of

£’s experienced during impact to fewer than 237
Explain your reasoning.




256 Chapter 3 Exponential and Logarithmic Functions

118. Data Analysis  An object at a temperature of 160°C was 122. The logarithm of the quotient of two numbers is equg] 4
removed from a furnace and placed in a room at 20°C. the difference of the logarithms of the numbers.
The temperature T of the object was measured each hour 123
h and recorded in the table. A model for the data is given
by T=20[1 + 7(2=%]. The graph of this model is
shown in the figure.

. Think About It s it possible for a logarithmic equatg
to have more than one extraneous solution? Explain,

124. Finance You are investing P dollars at an anny,
interest rate of r, compounded continucusly, for ¢ vears
Which of the following would result in the highest vq)y,
of the investment? Explain your reasoning.

(a) Double the amount you invest.

160°

o90°

(=]
56 . Think About It Are the times required for the invest
38° ments in Exercises 107 and 108 to quadruple twice g
29° i long as the times for them to double? Give a reason fo .0
24° ) your answer and verify your answer algebraically.

(b) Double your interest rate.

(c) Double the number of years.

. Writing  Write two or three sentences stating the gener;
(a) Use the graph to identify the horizontal asymptote of guidelines that you follow when solving (a) exponentis
the model and interpret the asymptote in the context equations and (b) logarithmic equations.
of the problem.

{b) Use the model to approximate the time when the Skills Review
temperature of the object was 100°C.
In Exercises 127-130, simplify the expression.

127. /48x2%y°

128. /32 ~ 2425

129. 3/25 - 315
3

J10 -2

T

130.

In Exercises 131-134, sketch a graph of the function.
131 flx) = |l +9
132, fix) = |x+2| 8

2x, x <0
133, g(x) = {xl 4

—_

o

3
L&
=T
=0
o
£3
£ 8
B

@

Synthesis 134 ()_{x—?), x <
AT e g
True or False? In Exercises 119-122, rewrite each verbal :
statement as an equation. Then decide whether the In Exercises 135-138, evaluate the logarithm using th
statement is true or false. Justify your answer. change-of-base formula, Approximate your result to thre

119. The logarithm of the product of two numbers is equal to decimal places.

the sum of the logarithms of the numbers. 135. logg 9

120. The logarithm of the sum of two nurnbers is equal to the 136. log, 4
product of the logarithms of the numbers. 137. logs, 5

121, The logarithm of the difference of two numbers is equal 138. log, 22

to the difference of the logarithms of the numbers,
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Exercises

VOCABULARY CHECK: Fill in the blanks,
1. An exponential growth model has the form

2. A logarithmic mode] has the form or

and an exponential decay model has the form

. Gaussian models are commenly used in probability and statistics to represent populations that are

shaped, where the

is the maximum y-value of the graph.

3
4. The graph of a Gaussian model is
5

. A logistic curve is also called a curve,

PREREQUISITE SKILLS REVIEW: Practice and review algebra skills needed for this section at www.Eduspace.com.

In Exercises 1-6, match the function with its graph. [The
graphs are labeled (a), (b}, (c), (d}, (e), and (f).]

1. y = 2e"/4 2 /4

4. y =3 &Y

_ 4
Y 1+ e %

y = Ge
3.y=6+loglx +2)

5 y=1In(x+ 1) 6.

10. $10,000
111 $500
12. $600

Compound Interest In Exercises 7-14, complete the table
for a savings account in which interest is compounded
continuousiy. '

Time to
Double

Annual
% Rate

3.5%
103%

Initial
.. Investment
17 $1000
8. §750
9. $750

Amount After
10 Years

7% yr
12 yr _
' $1505.00
$19,205.00
$10,000.00
$2000.00

4.5%

14. 2%

Compound Interest  In Exercises 15 and 16, determinethe -

principal P that must be invested at rate r, compounded
monthly, so that $500,000 will be available for retiremen
in t years.

15. r = 7%, 1 = 20 16. r = 12%, 1 = 40
Compound Interest \n Exercises 17 and 18, determine th
time necessary for $1000 to double if it is invested @
interest rate r compounded (a) annually, (b) raonthly,
(c) daily, and {d} continuously.

17. r=11% 18. r = 105%

19. Compound Interest Complete the table for the time
necessary for P dollars to triple if interest is compounded:
continuously at rate r.

2% | 4% | 6% | 8% | 10% ; 12%

]

- 20. Modeling Data Draw a scatter plot of the datd

Exercise 19. Use the regression feature of a graphit
utility to find a mode! for the data.

.




ecessary for P dollars to triple if interest is compounded
annually at rate r.

Syl 2% | 4% | 6% | 8% | 10% | 12%

deling Data Draw a scatter plot of the data in
xercise 21. Use the regression feature of a graphing utili-
‘to find a model for the data,

the graph._- "

gmpanng Models  Tf $1 is invested in an account over a
‘year period, the amount in the account, where ¢ repre-
ents the time in years, is given by A = 1 + 0.075]z] or
0.07 dependmg on whether the account pays simple
jterest at 72% or continuous compound interest at 7%,
taph each function on the same set of axes. Which grows
t a higher rate? (Remember that [1] is the greatest integer
nction discussed in Section 1.6.)

ice.com.

10 Years omparing Models Tt $1 is invested in an account over a

§-year period, the amount in the account, where ¢ repre-
énts the time in years, is given by

0.055\B6s1
+ 0L06[ ¢ or A= 1+‘m)
$1505.00: pending on whether the account pays simple interest at
% or compound interest at 52% compounded daily. Use a
hing utility to graph each function in the same viewing
indow. Which grows at a higher rate?

'c_z'cﬁve Decay In Exercises 25-30, complete the table
radioactive isotope.

Half-life Initial Amount After

(vears) Cuanrity 1000 Years
T, t = 40 1599 10g

1599 l5g

5715 s o 2g

5715 3g B

24,100 21g

24,100 04g

ftises 31-34, find the exponential model y = gebx

t is compoun the points shown in the graph or table.
[eSe 15 1 X

32. ¥

10% | 12%

ompound Interest Complete the table for the time 7

Section 3.5 Exponential and Logarithmic Models 265
33, x ol 4 34, 0l 3
vl 5|1 1 ﬁ

35. Population The population P (in thousands) of
Pittsburgh, Pennsylvania from 2000 through 2003 can be
modeled by P = 2430¢~09%% where ¢ represents the vear,
with z = () corresponding to 2000.
Burean)

(source: 118, Clonsus

{a) According to the model, was the population of
Pittshurgh increasing or decreasing from 2000 to 20032
Explain your reasoning,

(b) What were the populations of Pittsburgh in 2000 and
20037

(c) According to the model, when will the population be
approximately 2.3 million?

i

36. Population The table shows the populations (in
millions) of five countries in 2000 and the projected
populations {(in millions) for the year 2010,
15, Census Bureaw)

(Source:

Bulgaria 7.8 7.1
Canada 313 34.3
China 12689 1347.6
United Kingdom 59.5 61.2
United States 282.3 309.2

(a) Find the exponential growth or decay model
y = ae? or y = ge ™ for the population of each
country by letting r = 0 correspond to 2000. Use
the model to predict the population of each country
in 2030.

(b) You can see that the populations of the United
States and the United Kingdom are growing at
different rates. What constant in the equation
¥ = ae? is determined by these different growth
rates? Discuss the relationship between the different
growth rates and the magnitude of the constant,

(¢} You can sce that the population of China is:
increasing while the population of Bulgaria is
decreasing, What constant in the equation y = ae?’
reflects this difference? Explain.
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7 37 Webs:te Growth The number y of hits a new search-
k\_,/ engme website receives each month can be modeled by

= 4080e*

where # represents the number of months the website has
been operating. In the website’s third month, there were
10,000 hits. Find the value of k, and use this result to
predict the number of hits the website will receive after
24 months.

Value of « Painting The value V (in millions of dollars)
of a famous painting can be modeled by

V = 10e*

where ¢ represents the year, with 7 = ( corresponding to
1990, In 2004, the same painting was sold for $65 million.
Find the value of k, and use this tesult to predict the value

38.

of the painting in 2010.

39, Bacteria Growth The number N of bacteria in a culture
is modeled by
N = 100e*

where 7 is the time in hours. If N = 300 when ¢ = 5, esti-
mate the time required for the population to double in size.

Bacteria Growth The number N of bacteria in a culture
is modeled by

N = 250e%

40.

where ¢ is the time in hours. If N = 280 when ¢ = 10,
estimate the time required for the population to double in
size.

|\ Carbon Dating

¢ (a) The ratio of carbon 14 to carbon 12 in a piece of wood
discovered in a cave is R = 1/8'%. Estimate the age of
the piece of wood.

(b) The ratio of carbon 14 to carbon 12 in a piece of paper
buried in atomb is R = 1/13'}. Estimate the age of the
piece of paper.

Radicactive Decay Carbon 14 dating assumes that the

carbon dioxide on Earth today has the same radioactive

content as it did centuries ago. If this is true, the amount of

(" absorbed by a tree that grew several centuries ago

should be the same as the amount of 14C absorbed by a tree

growing today. A piece of ancient charcoal contains only

15% as much radioactive carbon as a piece of modern

charcoal. How long ago was the tree burned to make the

ancient charcoal if the half-life of 1*C is 5713 years?

Depreciation A 2005 Jeep Wrangler that costs $30,783
new has a book value of $18,000 after 2 years.

(a) Find the linear model V = mt -+ b.
(b) Find the exponential model V = ae*’.

42,

43.

Exponential and Logarithmic Functions

(¢) Use a graphing utility to graph the two models ip g,
same viewing window. Which maodel depreciates fag,
in the first 2 years?

(d) Find the book values of the vehicle after 1 year g

after 3 years using each model.

{e) Fxplain the advantages and disadvantages of ugy

each model to a buyer and a seller.

44, Depreciation A Dell Inspiron 8600 laptop computer t} .

costs $1150 new has a book value of $550 after 2 years
{n) Find the linear model V = mz + &.
~ (b} Find the exponential model V = ae*".

£ (c) Use a graphing utility to graph the two models in
same viewing window. Which model depreciates fay,
in the first 2 years?

¢d) Find the book values of the computer after 1 year ap’

after 3 years using each model.

(¢} Explain the advantages and disadvantages to a buy
e and a seller of using each model.

45' Sales The sales S (in thousands of units) of a new ¢
" burner after it has been on the market for z years a
modeled by

8 = 10001 — &%)
Fifteen thousand units of the new product were sold f
first year.

{a) Complete the model by solving for k.
(b) Sketch the graph of the model.

(c) Use the mode] to estimate the mimber of units so
after 5 years.

46. Learning Curve The managernent at a plasﬂcs factorg:
has found that the maximum number of units a worker i,
produce in a day is 30. The learning curve for the numbe

N of units produced per day after a new employes hag
worked  days is modeled by

N =30(1 — e~).

After 20 days on the job, a new employee produces

units.

(a) Find the learning curve for this employee (fisst, find
value of k).

{b) How many days should pass before this employee
producing 25 units per day?

47. IQ Scores The 1Q scores from a sample of a class &
returning adult students at a small northeastern gl
roughly follow the normal distribution

y = 0.0266¢ & -1007/4350 70 < x £ 115

where x is the IQ score.
(a) Use a graphing utility to graph the function.

(b) From the graph in part (a}, estimate the averagt I@
score of an adult student.




ntilizes a math-tutoring center roughly follows the normal
siribution

'-y_ = (0.7979e B34S 4 <y £ 7

_.“.:here x is the number of hours.

(ﬁ) Use a graphing utility to graph the function.

{b) From the graph in part (a), estimate the average num-
ber of hours per week a student uses the tutor center.
‘Population Growth A conservation organization releases
100 animals of an endangered species into a game
preserve. The organization believes that the preserve has a
carrying capacity of 1000 animals and that the growth of
& pack will be modeled by the logistic curve

1000

Eﬁdanger.ed.

e T
T T T T T T

2 4 6 8 10 12 14 16 18
Time (in years)

 units a worke Estimate the population after 5 months.

ive for the ni After how many months will the popuwlation be 5007

1-Use a graphing utility to graph the function. Use the
graph to determine the horizontal asymptotes, and

context of the problem.
les: After discontinuing all advertising for a tool kit in
00, the manufacturer noted that sales began to drop

'r'ding to the model

here § represents the number of units sold and ¢ = G
presents 2000, In 2004, the company sold 300,000 units.

mplete the model by solving for k.

stimate sales in 2008.

ample of a class
wortheasterty ©

113

 function. -

nate the avel

Education  The time (in hours per ‘week) a student”

erpret the meaning of the larger p-value in the
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In Exercises 51 and 52, use the Richter scale

/

Io

Geology
R =log

for measuring the magnitudes of earthquakes.
51. Find the intensity [ of an earthquake measuring R on the
Richter scale (let 7, = 1).
(a) Centeral Alaska in 2002, R = 7.9
(b) Hekkaido, Japan in 2003, R = 8.3
(c) Hlinois in 2004, R = 4.2

Find the magnitude R of each earthquake of intensity 7 (let
iy=1.

(a) 7= 80,500,000
(c) T = 251,200

52,

(b)Y I = 48,275,000

Intensity. of Sound In Exercises 53-56, use the following
information for determining sound intensity. The level of
sound B, in decibels, with an intensity of 1, is given by

{
B = 10log—
IO

where [, is an intensity of 1077? watt per square meter,
corresponding roughly to the faintest sound that can be
heard by the human ear. In Exercises 53 and 54, find the
level of sound 3.

53. (a) 7 = 107" watt per m? {quiet room)

{(b) I = 1077 watt per m? (busy street corner)

(c) I = 10~* watt per m? (quief radio)

{(d) T = 10° watt per m? (threshold of pain)

(a} I = 107! watt per m? (rustle of leaves)

(b) I = 10% watt per m? (jet at 30 meters)

54.

(c) I = 10"* watt per m? {door slamming)

(d)y I = 1072 watt per m? (siren at 30 meters)
55, Due to the installation of noise suppression materials, the
noise Tevel in an auditorium was reduced from 93 to 80
decibels. Find the percent decrease in the intensify level of
the noise as a result of the installation of these materials.

56. Due to the installation of a muffler, the noise level of an
engine was reduced from 88 to 72 decibels. Find the
percent decrease in the intensity level of the noise as a

result of the installation of the muffier.

pH Levels  In Exercises 57- 62, use the acidity model given
by pH = —log[H*], where acidity (pH) is a measure of the
hydrogen ion concentration [H*] (measured in moles of
hydrogen per liter} of a solution.

57. Find the pHif [H*] = 2.3 x 1075,
58. Find the pH if [H*] = 11.3 x 1075,
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59.
60.
61.

62.

63,

Compute [H*] for a solution in which pH = 5.8.
Compute [H* ] for a solution in which pH = 3.2,

Apple juice has a pH of 2.9 and drinking water has a pH of
8.0. The hydrogen ion concentration of the apple juice is
how many times the concentration of drinking water?

The pH of a solution is decreased by one unit. The
hydrogen ion concentration is increased by what factor?

Forensics At 8:30 AM., a coroner was called to the home
of a person who had died during the night. In order to
estimate the time of death, the coroner took the person’s
temperature twice. At 9:00 AM. the temperature was
85.7°F, and at 11:00 am. the temperature was 82.8°F.
From these two temperatures, the coraner was able to
determine that the time elapsed since death and the body
temperature were related by the formula

T-70

t= 0 s 70

where t is the time in hours elapsed since the person died
and T is the temperature (in degrees Fahrenheit) of the
person’s body. Assume that the person had a normal body
temperaiure of 98.6°F at death, and that the room
temperature was a constant 70°F. (This formula is derived
from a general cooling principle called Newton’s Law of
Cooling.) Use the formula to estimate the time of death of
the person.

. Home Mortgage A $120,000 home mortgage for 33

years at 7%% has a monthly payment of $809.39. Part of the
monthly payment is paid toward the interest charge on the
unpaid balance, and the remainder of the payment is used
to reduce the principal. The amount that is paid toward the
interest is

Pr roy
M- (=D + =
! (M 12)( 12)

and the amount that is paid toward the reduction of the
principal is

Pr ro2
=M1+ ).
’ ( 12)( 12)

In these formulas, P is the size of the mortgage, r is the

interest rate, M is the monthly payment, and ¢ is the time in

years. .

{a) Use a graphing utility to graph each function in the
same viewing window. (The viewing window should
show all 35 years of mortgage payments.)

(b} In the early vears of the mortgage, is the larger part of
the monthly payment paid toward the interest or the
principal? Approximate the time when the monthly
payment is evenly divided between inferest and
principal reduction.

{c) Repeat parts {a) and (b) for a repayment periog of

20 years (M = $966.71). What can you conclude?

65. Home Mortgage The total interest u paid on a hoy,
mortgage of P dollars at interest rate r for ¢ years iy

Ft
u=pP——F———7—1|

1 12
1+ /12

Consider a $120,000 home mortgage at 73%.

{a) Use a graphing utility to graph the tofal interey
function.

(b) Approximate the length of the mortgage for which the
total interest paid is the same as the size of the mon.
gage. Is it possible that some people are paying twic
as much in interest charges as the size of the mortgager:

. Data Analysis The table shows the time 7 (in secondy
required to attain a speed of s miles per hour from 4
standing start for a car.

70:

TL

30 34
40 50
50 7.0
60 9.3
70 12.0
80 15.8
90 200

Two models for these data are as follows.
t; = 40.757 + 0.556s — 15.817 In s
£, = 1.2259 + 0.0023s2

(a) Use the regression feature of a graphing utility to find
linear model £; and an exponential model 7, for the data
{(b) Usc a graphing utility to graph the data and each mod:
in the same viewing window.

{(c) Create a table comparing the data with estimate
obtained from each model.

(d) Use the results of part (¢) to find the sum of
absolute values of the differences between the data 1
the estimated values given by each model. Based 0
the four sums, which model do you think better fits
data? Explain. '
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72. Writing Use your school’s library, the Internet, or some
other reference source to write a paper describing John
paid on a ho -or False?  In Exercises 67-70, determine whether the Napier’s work with logarithms.
riyearsis -~ _atement is true or false. Justify your answet. ] .
Skills Review

yment period
ou conclude?

in Exercises 73-78, (a) plot the points, (b) find the distance
4 A logistic growth function will always have an x-intercept. between the points, (c) find the midpoint of the ine seg-

5%. 69, The graph of ment joining the points‘:, and {d} find the slope of the line
passing through the points.

73. (_ 1’ 2’)! (O! 5}

74. (4, —3),(—6,1)

75. (3.3), (14, —2)

. are paying twi LA # 76. (7,0, (10, 4

- of the mortgape ) L+ e 0 );( o
ol 77. (4 —1).G.0)

me ¢ (in second hifted to the right five units. 78 (I 1) (_z __i)

per hour fro B

In Exercises 79-88, sketch the graph of the equation.
thtify each model as linear, logarithmic, exponential, 79. y= 10 — 3x

pgistic, or none of the above. Explain your reasoning. 80. y = —dx — 1

a Y {b) 8l. y = —22* — 3

82, y= 2 —Tx — 30

83. 32 —dy =0

84. ~x? -8y =0

4
Ss'y_Ifo
' 2
| _ oz
8(3.):—7_x*2

i 87. x2 + (y — 8) = 25
8. x—4P+{p+7=4
ing utility to In Exercises 89-92, graph the exponeéntial function.
ing utili
odel #, for the da 89. f(x) =21 +45
ata and each mi 90. fix)= —2"7"1-1
91, f(x) =3 — 4
ta with CStl. 92, f(x) = —3%+ 4

d the sum O
stween the dat
1 model. Based
think better fi

93. Make a Decision To work an extended application
anatyzing the net sales for Kohl’s Corporation from 1992 to
2004, visit this text’s website at college. hmco.com.  { aia
Sowrces Kotl's Hlinois, Inc
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104
18-

134

136 -

148 -

149

150:. -
152

Review Exercises

Review Exercises

In Exercises 16, evaluate the function at the indicated . =37 20. f(x) = zx—jz- 5
Jlue of x. Round your result to three decimal places. 21. fix) = (%) 43 22, flx) = ( )x. -5

Function Value )
In Exercises 23-26, use the One-to-One Property to solve

fla) = 6.1 x =24 the equation for x.
19 =30 x= 3 ] 2
— 2—{5x — . T h2 o - —
f(x) = 12785 x=1 25, e5—7T = gls 26, 825 — =3
Hx) = 7(0.2%) x=—JII
= —14(59) x=—08 In Exercises 27-30, evaluate the function given by f(x) = e*
. at the indicated value of x. Round your result to three f
ses 7-10, match the function with its graph. [The decimal places. '
hs are tabeled (a), (b), (c), and {d}.] 2. =8 28, 5 =3

y {b) ¥ 2. x=—17 _ 30, x = 0278

% [n Exercises 31-34, use a graphing utility to construct a
table of values for the function. Then sketch the graph of
the function.

3. Alx) = e=/2 32 hix) =2 — ¢
* 33, flx) = ex T2 . 3. s(t) =4de”21 >0

Compound Interest In Exercises 35 and 36, complete the
table to determine the balance A for P dollars invested at
rate r for t years and compounded n times per year.

| 1| 2] 4| 12 365 | Continuous

It R 35. P = $3500, r = 6.5%, t = 10 years

4 8. flx) =4+ 36. P = $2000, r = 5%, t = 30 vears

-4 10. fx) =4 +1 37. Waiting Times The average time between incoming calls
g
' at a switchboard is 3 minutes. The probability F of waiting

réises 11-14, use the graph of f to describe the less than ¢ minutes until the next incoming call is approxi-

tion that yields the graph of g. mated by the model F{f) = 1 - e~*/%, A call has just come

5%, gfx) = 5+ in. Find the probability that the next call will be within
o 4x: o) = 47 — 3 ‘ {a) %minute‘ {b) 2 minutes. (c) 5 minutes.

(L))ﬂ 1hx+32 38. Depreciation After 1 years, the value V of a car that

i) g = -{) -

originally cost $14,000 is given by V() = 14 000( )
% (a) Use a graphing utility to graph the function.

(b) Find the value of the car 2 years after it was purchas'ed.

GF, =8 m_(%)’f

5 15-22, use a graphing utility to construct a ‘
values for the function. Then sketch the graph of (¢} According to the model, when does the car depreciate
most rapidly? Is this realistic? Explain.

47" 1+ 4 16. fix) = —4*—3

—2.65t! 18. fix) = 265!
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30, Trust Fund On the day a person is born, & deposit of
$50,000 is made in a trust fund that pays 8.75% interest,
compounded continuously.

{a) Tind the balance on the person’s 35th birthday.
(b) How much longer would the person have to wait for
the balance in the trust fund to double?

40. Radioactive Decay Let ( represent a mass of plutonium
241 (241Py) (in grams), whose half-life is 14.4 years. The
gquantity of plutonium 241 present afier ¢ years is given by
0 = 100"

(n) Determine the initial quantity (when r = 0.

(b) Determine the quantity present after 10 years.

(¢) Sketch the graph of this function over the interval t = 0
to t = 100.

In Exercises 41-44, write the exponential egquation in
logarithmic form.

42, 25%2 =125
44. & =

41, 43 = 64
43, 5 = 22255, ..

In Exercises 45-48, evaluate the function at the indicated
value of x without using a calculator.

Function Value
45, f{x) =logx x = 1000
46, g(x) = logyx x=73
47, glx) = log, x x=1
48. f(x) = log, x x =3

In Exercises 49-52, use the One-to-One Property to solve
the equation for x.

50. Jog,(3x — 10) = log, 5
52, In(2x — 1) = In 11

49. Jog,(x + 7) = log, 14
51 In(x + 9) = 1lnd

In Exercises 53-58, find the domain, x-intercept, and vertical
asymptote of the fogarithmic function and sketch its graph.

53, glx) = log; x 54. glx) = logsx

55. f(x) = 1og(§)
57. #(x) = 4 — loglx + 3)

56. f(x) = 6+ logx
58. fix) =loglx —3) + 1

In Exercises 59-64, use a calculator to evaluate the function
given by f(x) = Inx at the indicated value of x. Round your
resuft to three decimal places if necessary.

59, x = 22.6 60. x = 0.98
6l. x=¢ 1 62. x=¢
63 x=T+5 54,x:‘—§-’

Exponential and Logarithmic Functions

In Exercises 65-68, find the domain, x-intercept, and vertica|f
asymptote of the logarithmic function and sketch its graph

66. f(x) = In{x — 3)
68. f(x) =3ilnx

65. f(x) =lnx+3
67. h(x) = Inlx?)

69. Antler Spread The antler spread a {in inches) ang
shoulder height & (in inches) of an adult male American gy
are related by the model h = 116logla + 40) — 17,
Approximate the shoulder height of a male American ejy
with an antler spread of 55 inches.

70. Snow Removal The number of miles s of toads clearej
of snow is approximated by the model

_ . 13In(/12)

In3

2<h<15

where k is the depth of the snow in inches. Use this mode 06:

to find s when = 10 inches.

In Exercises 71-74, evaluate the logarithm using th
change-of-base formula. Do each exercise twice, once wit
common logarithms and once with natural logarithm
Round your the results to three decimal places.

72. log,, 200
74. log, 0.28

71. log. 9
73. log; ;5

In Exercises 75-78, use the properties of logarithms
rewrite and simplify the logarithmic expression.

76. 1022%)
78. n(3e™*)

75. log 18
77. 1n 20

In Exercises 79-86, use the properties of logarithms to.
expand the expression as a sum, difference, and/o
constant multiple of logarithms. (Assume all variables are

positive.)

79. log, 5x* 80. log 7x*
6 Vx

81. 10g3-\3f7x 82. 10g7T

83. Inx%y*z 84. In 3xy?
+ = 1V

85. m(" 3) 86. m(L—l) , oy
Xy 4

in Exercises 87-94, condense the expression to thé
logarithm of a single guantity.

88. log,y — 21logg2
90. 3Inx + 2 In{x + 1)
92, —2logx — 3 toglx +8

87. log, 5 + logy x

89. lnx — %lny

91, 1 logglx + 4) + 7 logyy
93. Lin(2x — 1) = 2Wn(x + 1)
94, 5tm(x — 2) — In(x +2) — 31nx




climb to an altitude of h feet is modeled by
18,000

18,000 — &

where 18,000 feet is the plane’s absolute ceiling.

= 50 log

(a Determine the domain of the function in the context
of the problem.

identify any asymptotes.

(c) As the plane approaches its absolute ceiling, what can
be said about the time required to increase its
altitude?

(d) Find the time for the plane to climb to an altitude of
4000 feet.

Human Memory Model Students in a learning theory
study were given an exam and then retested monthly for
& months with an equivalent exam. The data obtained in
the study are given as the ordered pairs (¢, 5), where 7 is
the time in months after the initial exam and s is the
average score for the class, Use these data to find a
Jogarithmic equation that relates r and s.

rithm using't
twice, once wi

aces.
(1,84.2), (2. 78.4), (3, 72.1),
)g {4,68.5), (5. 67.1), (6, 63.3)

i n Exercises 97-104, solve for x.
»f logarithms:

1ssion. =312 98. 6 = 51—6-
100. e =6

)

) = 102. log, x = —1
104. Inx = -3

Climb Rate  'The time ¢ (in minutes) for a small plane to -

(b) Use a graphing utility to graph the function and 22 In Exercises 131-134, use a graphing utility to graph and

106, & = 25
d g3 108. 14*+2 = 560
x 13 =35 110. 6% — 28 = —8
d 4{5%) = —68 112. 2(12%) = 190
* —7e*+10=0 114, e — fe* + § =0
- 132
ﬂ) , y> 1 - . "
' €rcises 115-118, use a graphing utility to graph and
he equation. Approximate the result to three
pression laces.
_ & _ 3y =0 116. 492 + x =0
—2loggz e 08 = 19 118, de’2¥ =
+ 2To(x + 1)
ox — 5 logh EIses 119-130, solve the logarithmic equation alge-

y. Approximate the result to three decimal places.

=82 120, InS5x =172
122, 4In3x = 15

Review Exercises

123, Inx — In3 =2 124. In/x +8=13
125, nx + 1 =2 126, Inx — In5 = 4
127, Jogy(x ~ 1) = logg{x — 2) — log,(x + 2)

128, logg{x + 2) — logy x = log,(x + 3)

129. log{l — x) = —1

130, log{—x —4) =2

solve the equation. Approximate the result to three
decimal pfaces.

131 2In{x +3)+3xr =8
133, 41n(x + 5) — x = 10

132. 6log(x* + 1) —x=10
134, x— 2log(x + 4) =0

135. Compound Interest You deposit $7550 in an account
that pays 7.25% interest, compounded continzously. How
long will it take for the money to triple?

136. Meteorology The speed of the wind § (in miles per
hour) near the center of a tornado and the distance 4 (in
miles) the tornado travels are related by the model
S =93 1ogd + 65. On March 18, 1925, a large tomado
struck portions of Missouri, Illinois, and Indiana with a
wind speed at the center of about 283 miles per hour,
Approximate the distance traveled by this tornado.

_ In Exercises 137-142, match the function with its
graph. [The graphs are labeled (a), (b), (c), (d), (), and {f}.]

(a) ¥ (b} y
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137. y = 3e™ 273
139. y = In(x + 3)

138, y = 47
140. y = 7 — loglx + 3)

141, y = 2”02 142, y =

6
1+ 2%

In Exercises 143 and 144, find the exponential model
y = ge®* that passes through the points.

143, (0,2), (4,3 144. (0,4}, (5,5
145. Population The population P of South Carolina (in
thousands) from 1990 through 2003 can be modeled by
P = 3499g°0135 where ¢ represents the year, witht = 0
corresponding to 1990, Accerding to this model, when
will the population reach 4.3 million? (Sourcer U5,
Census Bureau)
. Radioactive Decay. The half-life of radioactive uranium
I1 (341) is about 250,000 years. What percent of a present
amount of radioactive uranium II will remain after 5000
vears?
. Compound Interest A deposit of $10,000 is made in a
savings account for which the interest is compounded
continuonsly. The balance will double in 5 years.

{a) What is the annual interest rate for this account?
(b) Find the balance after 1 year.

. Wildlife Population A species of bat is in danger of
becoming extinct. Five years ago, the total population of
the species was 2000. Two years ago, the total population
of the species was 1400. What was the total population of
the species one year ago? :

. Test Scores The test scores for a biology test follow a
nermal distribution modeled by

y = 0.0499¢~ G-V 40 < x < 100

where x is the test score.

(a) Use a graphing utility to graph the equation.

(b) From the graph in part (a), estimate the average test
score.

. Typing Speed In a typing class, the average number N
of words per minute typed after 2 weeks of lessons was
found to be

157

V= 1+ 5.4e7012

Find the time necessary to type (a) 50 words per minute
and (b) 75 words per minute.

Exponential and Logarithmic Functions

151. Sound Intensity The relationship between the numbe,
of decibels 8 and the intensity of a sound I in watis pe,
square centimeter is

_ 1
;9 == 10 log(w).

Determine the intensity of a sound in watls per squar
centimeter if the decibel level is 125. :

. Geology On the Richter scale, the magnitide R of g :
earthquake of intensity [ is given by

I
R =Tlog—

ID
where [, =1 is the minimum intensity used for
comparison. Find the intensity per unit of area for each =
value of R. E

(@) R=84 () R=685 {c) R=91

Synthesis

True or False? In Exercises 153 and 154, determine
whether the equation is true or false. Justify your answer,
153. log, b* = 2x

154, In(x +y) = Inx + Iny

155. The graphs of y = ¢* are shown where k=a,b, c ad
d. Which of the four values are negative? Which are
positive? Explain your Teasoning.

¥
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Take this test as you would take a test in class. When you are fmlshed check your
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work against the answers gwen in the back of the book.

In Exermses 1-4, evaluate the expresslon Approxlmate your result to three decnmal '
places. . ‘

1. 12427 R = 3.0 4. &t

- In‘Exercises 5-7, construct a table of valyes. Then eketch the graph of the function'.

5. f6) =107 6 fl)y =6 ) =1 - e

8. Evaluate (a} lt)g7 77089 4nd (b) 4.61n &%

In Exeruses 9-11, construct a table of values. Then sketch the graph of the function.

Identlfy any asymptotes. _ .
9. f{x} .~logx —6 .. 710.'.f(x_) = ln(x_— 4) 1. =1 +'ln(x +6)

In Exerqses 12--14, evaluate the Iogarlthm usmg the change- -of-base formula Round

, your result to three decimal places.

12. 1_og7..44 o B &) 1og'2/5 09 - 4. log,, 68

In Exercises 15-17, use the propertles of Eogarlthms to expand the expressmn asa
sum, d|fference,and/or constant multiple of logarithms. :

. ‘ : ‘ . 2

15. log, 3524 s 1ni | 17 log ;x

in Exercises 18-20, condense the expression to. the Iogarlthm ofa smgle quantlty
18. 10g313+[0g3y , S 1) 4]nx—41ny

20. 21nx-+1n(x—5)—3]ny' '

In Exerases 21= 26 solve the’ equatlon algebra|cally Apprommate your result to .
three dearnal places. -

21 5= 22365 = 132
T as o Bsems D
1025 S
23. 8+€4x-__ 5 ) - 24, ix = 7 -
25. 18 +4lmx=7". 26 1og_x—1og(8_ —5x) =2

27. Find an expouentlal growth.model for the graph shown in the ﬁgure

28. The half-life of ‘radioactive actinium (**Ac) is 21.77 years. What percent of a present
- amount of radmactwe actinium will remain after 19. years?

29. A model that can be used for predicting the height H (in cent1meters) of a child based '

~on his or her age is H = 70.228 + 5.104x + 9222 In x, 4 < x £ 6, where x is the
age of the child in-years. {Source:Snapshots of Appiteatwm in Mdthemdtlu}

(a) Construct a table of values Then sketch the gTaph of the model.

- (b) Use the graph from part.(a) to estlmate the height of a four year—old child,. Then
' calculate the. actual he1ght usmg the model.
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Take this test to review the material from earlier chapters. When you are finisheg
check your work against the answers given in the back of the book. '

1. Plot the points (3,4) and (-1, — 1). Find the coordinates of the midpoint of the Jine
segment joining the points and the distance between the points.
In Exercises 24, graph the equation without using a graphing utility.

2. x-3y+12=0 3.y=x2-9 4 y=J4-x

5. Find an equation of the line passing through (f%, 1) and (3, 8).
FIGURE FOR 6 6. Explain why the graph at the left does not represent y as a fanction of x.

. Evaluate (if possible) the function given by f (x) = z 3 for each value.
x

(2) f(6) ®) f2) © fs+2)

. Compare the graph of each function with the graph of y = Fx. (Note: It is not ..
necessary to sketch the graphs.) '

(@) rix) = t¥x ) hix) =Fx+2 © gl =Jx+2

In Exercises 9 and 10, find (a) (f + g)(x), (b) (f — g)(x}, () (fg)(x), and (d) {flg)(x). What -
is the domain of f/g? .

9. flx) =x—3, gl)=dx+1 10, f() = Vx—1, gl =x"+1

in Exercises 11 and 12, find {a) f - g and (b) g - f. Find the domain of each composite
function. :

11, f(x) =27 gly) = Vx+6 12. fx)=x—2, zlx= |x|

13. Determine whether A{x) = 5x — 2 has an inverse function. If so, find the inverse’
function.

14. The power P produced by a wind turbine is proportional to the cube of the wind speed-._:
. A wind speed of 27 miles per hour produces a power output of 750 kilowatts. Find:
the output for a wind speed of 40 miles per hour.

15. Find the quadratic function whose graph has a vertex at (—8, 5) and passes through.
the point (—4, —7). :

in Exercises 1618, sketch the graph of the function without the aid of a graphing:
utility. :

16. h(x) = —(x? + 4x) 17. (0 = 2z — 2)* 18. z(s) = & + 45 + 100

In Exercisas 19-21, find all the zeros of the function and write the function as2
product of linear factors.

19, F(x) = 5% +2¢* + dx + 8

20, flx) = x* T 4% — 2187

21. f(x) = 2x* = 1147 + 30* — 62x — 40




of x.

alue.

(d) (f/g)0d. W
= x2 41

f each composi

y, find the i

e of the wind §
750 kilowatts:

and passes thiof

“aid of a grap
) = 2 + 45 :

the functioi &

35.5
356
36.0
372
38.4
42.0
43.5
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22. Use long division to divide 6x* — 4x2 by 2x2 + L.
23. Use synthetic division to divide 2x* + 3x® — 6x + Sby x + 2.

24. Use the Intermediate Value Theorem and a graphing utility to find intervals one unit
in length in which the function g{x} = x* + 3x* — 6 is guaranteed to have a zero.
Approximate the real zeros of the function.

In Exercises 25-27, sketch the graph of the rational function by hand. Be sure to
identify all intercepts and asymptotes,

. 2x x2—4x+3
25, flx) = 5= 26, flx) =
x 9 x 2x—3
X343 —4x - 12
27, flx) = [ —

In Exercises 28 and 29, solve the inequality. Sketch the solution set on the real
number line.

i 1
. =
x+1 x+3

28. 3  —12x < 0 29

In Exercises 30 and 31, use the graph of f to describe the transformation that yields
the graph of g.

30, fn) = (&, e =—-F " 31 F() =225 gl = —22%+ 4

In Exercises 32-35, use a calculator to evaluate the expression. Round your result to
three decimal places.

32. log 98 33. log(5) 34, In/31 35. In{ /30 — 5)
. . x2—-16
36. Use the properties of logarithms to expand In| ——— |, where x > 4.
X

37. Write 2Inx — %ln(x + 5) as a logarithm of a single quantity.

In Exercises 38-40, solve the equation algebraicially. Approximate the result to three
decimal places.

38. 6e= =72 40. In/x +2=3

41. The sales § (in billions of dollars) of lottery tickets in the United States from 1997
through 2003 are shown in the table. {(Source: TLF Publications, Inc.}

39, 2% — 11e* + 24 =0

(a) Use a graphing utility to create a scatter plot of the data. Let ¢ represent the vear,
with ¢ = 7 corresponding to 1997.

(b) Use the regression feature of the graphing utility to find a quadratic model for the
data.

(c) Use the graphing utility to graph the model in the same viewing window used for
the scatter plot. How well does the mode] fi¢ the data?

(d) Use the model to predict the sales of lottery tickets in 2008. Does your answer
seem reasonable? Explain.

42. The number N of bacteria in a culture is given by the model N = 175¢, where ¢
ig the time in hours. If & = 420 when ¢ = 8§, estimate the time required for the
population to double in size.
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